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It is known that within metric spaces analyticity and K-analyticity are equivalent concepts.
It is known also that non-separable weakly compactly generated (shortly WCG) Banach
spaces over R or C provide concrete examples of weakly K-analytic spaces which are not
weakly analytic. We study the case which totally differs from the above one. A general
theorem is provided which shows that a Banach space E over a locally compact non-
archimedean non-trivially valued ﬁeld is weakly Lindelöf iff E is separable iff E is WCG
iff E is weakly web-compact (in the sense of Orihuela). This provides a non-archimedean
version of a remarkable Amir–Lindenstrauss theorem.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
A topological space Y is analytic if it is a continuous image of NN . Y is a Lindelöf Σ-space if there is an upper semi-
continuous (usco) multivalued compact-valued map ϕ from a non-empty subset Ω ⊂ NN into Y with ⋃{ϕ(α): α ∈ Ω} = Y
[2]. If the same holds for Ω = NN , then Y is called K-analytic. Note that we have the following: Y is analytic ⇒ Y is
K-analytic ⇒ Y is Lindelöf Σ ⇒ Y is Lindelöf (see [16,13]).
Countable unions and products of K-analytic [analytic] subspaces of a space are K-analytic [analytic]. Closed subspaces of
a K-analytic [analytic] space are K-analytic [analytic], see [13,17].
A space Y is web-compact [9] if there exist a non-empty subset Σ ⊂ NN and a family {Aα: α ∈ Σ} of subsets of Y
with
⋃{Aα: α ∈ Σ} = Y such that, if α = (n j) ∈ Σ and Cn1,...,nk :=
⋃{Aβ : β = (mj) ∈ Σ and mj = n j for j = 1, . . . ,k}, and
xk ∈ Cn1,...,nk for all k ∈ N, then (xk) has a cluster point in X . Separable spaces, as well as Lindelöf Σ-spaces, are web-
compact [9, Examples (B)].
In NN we consider the following relation of order , for α = (n j), β = (mj) ∈ NN we say that α  β if n j mj for all
j ∈ N. A family {Yα: α ∈ NN} of subsets of a space Y is increasing if Yα ⊂ Yβ for all α,β ∈ NN with α  β .
A Hausdorff space Y is angelic [6] if every relatively countably compact set A in Y is relatively compact and for each
x ∈ A there is a sequence in A converging to x. In angelic spaces the countably compactness, compactness, and sequential
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only if there is an increasing family {Yα: α ∈ NN} of compact subsets of Y with ⋃{Yα: α ∈ NN} = Y .
If Y is a web-compact space and Z is a metric space, then Cp(Y , Z) is angelic [9, Corollary 1.3]. Clearly, any metric space
is angelic and so, by [6, Theorem 3.3(2)], any regular space with a weaker metric topology is angelic.
A topological space Y has countable tightness if for every A ⊂ Y and x ∈ A there is a countable subset B of A such that
x ∈ B .
In 1961 H. Corson [5] started a systematic study of certain topological properties of the weak topology of Banach spaces.
In [5] Corson asked if WCG Banach spaces are exactly those Banach spaces whose weak topology is Lindelöf. By [16] every
WCG Banach space is weakly Lindelöf.
Recall that a Banach space E is WCG if E admits a weakly compact subset whose linear span is dense in E . Talagrand
[16] proved that every WCG Banach space E is K-analytic in the weak topology of E . In [10] Orihuela used the method of
constructing projections in WCG Banach spaces (developed by Valdivia in [18–20]) to provide a direct proof that the weak
topology of a WCG Banach space is Lindelöf.
There exists a compact scattered space X such that C(X,R) is weakly Lindelöf and not weakly K-analytic, i.e., endowed
with the weak topology is Lindelöf and not K-analytic, see [12].
Note that there are many concrete non-separable WCG Banach spaces E , for example the Banach space E := c0(I) for an
uncountable index set I , which under its weak topology is K-analytic but not analytic. It is known by Amir and Lindenstrauss
[1] that if a Banach space E is WCG, then there exists a continuous injective linear map from E into c0(I) for some index
set I .
It seems that nothing is known about this line of research for Banach spaces over non-archimedean ﬁelds. We are starting
with providing a somewhat striking theorem (Theorem 7) stating that if E is an inﬁnite-dimensional Banach space over a
locally compact non-archimedean ﬁeld K, then E is WCG iff E is weakly web-compact iff E is separable iff E is isomorphic
to c0(N,K) iff E is weakly analytic iff E is weakly K-analytic iff E is weakly Lindelöf Σ iff E is weakly Lindelöf.
By a non-archimedean ﬁeld we mean a non-trivially valued ﬁeld K which is complete under the metric induced by the
valuation | · | : K → [0,∞) such that |α + β|max{|α|, |β|} for all α,β ∈ K.
For any prime number p the ﬁeld Qp of p-adic numbers with the p-adic valuation | · |p is non-archimedean and locally
compact.
By Ostrovski’s theorem any complete non-trivially valued ﬁeld K that is not topologically isomorphic to R nor C is
non-archimedean (see [21]).
Throughout by K we mean a non-archimedean ﬁeld.
Let E be a linear space over K. By a seminorm on E we mean a function p : E → [0,∞) such that p(x + y) 
max{p(x), p(y)} and p(αx) = |α|p(x) for all x, y ∈ E and α ∈ K. A seminorm p on E is a norm if ker p := {x ∈ E: p(x) =
0} = {0}. A set A ⊂ E is absolutely convex, if for any α,β ∈ K with |α| 1, |β| 1 and any x, y ∈ A we have αx + β y ∈ A.
A topological vector space E over K is locally convex space (lcs) if E admits a basis of neighbourhoods of zero consisting
of absolutely convex sets. For a subset A of E we set A◦ = { f ∈ E ′: | f (x)| 1 for x ∈ A}, where E ′ denotes the topological
dual of E . If the ﬁeld K is locally compact, then E ′ separates points of E , so the weak topology σ(E, E ′) on E is Hausdorff,
see [14]. For an ultraregular space X by Cp(X,K) we denote the space of all K-valued continuous functions on X with the
pointwise topology, we refer the reader to [7] and [11].
By a Banach space over K we mean a complete normed space E over K (with the norm satisfying the strong triangle
inequality ‖x + y‖  max{‖x‖,‖y‖} for all elements x, y ∈ E). If the ﬁeld K is separable, then any inﬁnite-dimensional
separable Banach space over K is isomorphic to c0(N;K) (see [11, Corollary 2.3.9]).
For any set I , the normed space c0(I;K) with the sup-norm is a Banach space over K and it is not WCG if I is un-
countable and K is locally compact (see Theorem 7), although c0(I;R) and c0(I;C) are WCG Banach spaces. Note however
that for the sequence space 1(N;K) of all sequences x = (xn) of elements from K with ∑∞n=1 |xn| < ∞ the functional
‖ · ‖1 : 1(N,K) → [0,∞), ‖x‖1 :=∑∞n=1 |xn| does not satisfy the strong triangle inequality, (1(N,K),‖ · ‖1) is not a Banach
space over K.
Banach spaces over non-archimedean ﬁelds have been intensively studied by specialists for a long time, see for example
monographs [21,15,11].
Let E = (E,‖ · ‖) be a normed space over K. A subset X of E is orthogonal if for each n ∈ N, each distinct elements
e1, . . . , en ∈ X and each scalars a1, . . . ,an ∈ K we have
∥∥∥∥∥
n∑
i=1
aiei
∥∥∥∥∥= max1in‖aiei‖.
Put K× := K \ {0}. An orthogonal subset X of E is an orthogonal basis of E if X is linearly dense in E and 0 /∈ X . For any
orthogonal basis X of E and every function f : X → K× the set Y = { f (x)x: x ∈ X} is an orthogonal basis of E; clearly, the
sets X and Y have the same cardinal number.
A norm ‖ · ‖ on a linear space E over K is strongly solid if for every element x ∈ E there exists a scalar a ∈ K such that
‖x‖ = |a|.
J. Ka¸kol, W. S´liwa / Topology and its Applications 158 (2011) 1131–1135 11332. Results
We start with the following known result, see [15, Proposition 10.1]; we add a direct proof (which is simpler and quite
different from [15], see also [21,11]) to keep the paper self-contained.
Proposition 1. Assume that the ﬁeld K is locally compact. Then any Banach space E over K is isomorphic to c0(I;K) for some set I .
Proof. K has a discrete valuation, see [21,11], so |K×| = {dk: k ∈ Z} for some d > 1. Put
|||x||| = inf{s ∈ |K×|: s ‖x‖}
for x ∈ E . It is easy to see that ||| · ||| is a strongly solid norm on E and ‖x‖ |||x||| d‖x‖ for all x ∈ E . Thus without loss of
generality we can assume that the norm of E is strongly solid.
First we shall show that E has an orthogonal basis. Let Y be an orthogonal set in E . By the Zorn lemma, E has a maximal
orthogonal set Z that contains Y . Let F be the closure of the linear span of Z . We show that F = E . Suppose that F = E .
Let x ∈ (E \ F ). Let (zn) be a sequence of elements of F such that the sequence (‖x− zn‖) is convergent to dist(x, F ). Since
‖E‖ ⊂ |K| = {dk: k ∈ Z}∪ {0}
for some d > 1, there is m ∈ N with
‖x− zm‖ = dist(x, F ) = dist(x− zm, F ).
It follows that the element y = x− zm is orthogonal to F (i.e. ‖y+ v‖ = max{‖y‖,‖v‖} for all v ∈ F ); so the set Z y = Z ∪{y}
is orthogonal in E . Since y /∈ Z we have got a contradiction. Thus F = E and I = Z \ {0} is an orthogonal basis of E .
By a suitable scalar multiplication we may assume that ‖x‖ = 1 for all x ∈ I . Let A denote the family of all ﬁnite and
non-empty subsets of I directed by the inclusion relation. Let f ∈ c0(I;K). Put f A =∑x∈A f (x)x for any A ∈ A. It is easy to
check that ( f A)A∈A is a Cauchy net in E; so it is convergent to some T f in E . Clearly the map T : c0(I;K) → E deﬁned by
f → T f is linear. For f ∈ c0(I;K) and A ∈ A we have
‖ f A‖ =
∥∥∥∥
∑
x∈A
f (x)x
∥∥∥∥maxx∈A
∣∣ f (x)
∣∣‖x‖ ‖ f ‖∞.
Thus ‖T f ‖ ‖ f ‖∞ for all f ∈ c0(I;K); so the map T is continuous. The subspace c00(I;K) = { f ∈ c0(I;K): supp f is ﬁnite}
is dense in c0(I;K). Let f ∈ c00(I;K) and A = supp f . For B ∈ A with B ⊃ A we have f B = f A ; so T f = f A . Hence
‖T f ‖ = ‖ f A‖ =
∥∥∥∥
∑
x∈A
f (x)x
∥∥∥∥= maxx∈A
∣∣ f (x)
∣∣‖x‖ = max
x∈A
∣∣ f (x)
∣∣= ‖ f ‖∞,
for f ∈ c00(I;K). Thus ‖T f ‖ = ‖ f ‖∞ for any f ∈ c00(I;K). By the continuity of T we get ‖T f ‖ = ‖ f ‖∞ for any f ∈ c0(I;K).
It follows that c0(I;K) and the range R(T ) of T are isomorphic, thus R(T ) is complete, so it is a closed subspace of E .
On the other hand, R(T ) is dense in E , since R(T ) ⊃ {T (δx): x ∈ I} = I . Thus R(T ) = E . It follows that T is an isometric
isomorphism of c0(I;K) and E . 
Our ﬁrst result for the weak topology of Banach spaces over K is the following.
Proposition 2. Assume that the ﬁeld K is locally compact. Let E be a Banach space over K. Then (E, σ (E, E ′)) has countable tightness
and is angelic.
Proof. Let B be the closed unit ball in E . Choose β ∈ K with |β| > 1 and a strictly increasing sequence (tn) ⊂ N. Then
E ′ =⋃n βtn B◦ . Set E ′σ := (E ′, σ (E ′, E)). The set B◦ is compact in X = E ′σ , since B◦ is a closed precompact set in X and
complete in KE . Thus the ﬁnite products Xn , n ∈ N, are σ -compact, so Lindelöf. By [2, Theorem II.1.1] the space Cp(X,R)
has countable tightness. Then Cp(X,K) has also countable tightness. Indeed, let A ⊂ Cp(E ′σ ,K) and assume that f ∈ A. The
map
T : Cp(X,K) → Cp(X,R), T (g) = |g − f |,
is well deﬁned and continuous. Thus 0 = T ( f ) ∈ T (A) ⊂ T (A). By the countable tightness of Cp(X,R) there exists a count-
able subset B of A such that 0 ∈ T (B). Thus there exists a net ( fα) ⊂ B such that limα |gα − f | = 0 in Cp(X,R). Then
limα fα = f in Cp(X,K), so f ∈ B . Thus Cp(X,K) has countable tightness.
Taking Aα := βtn1 B◦ for each α = (nk) ∈ NN we infer that X is web-compact. Hence by [9, Corollary 1.3] Cp(X,K)
is angelic. The regular space Eσ := (E, σ (E, E ′)) is homeomorphic to a subspace of Cp(X,K), so Eσ is angelic and has
countable tightness (see [6, Theorem 3.3(2)]). 
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Proposition 3. ([4]) Let X be a web-compact space which is regular and such that every relatively countably compact subset of X is
relatively compact. Then X contains a dense subset F which is a Lindelöf Σ-space.
The density and the weight of the topological space X we denote by d(X) and ω(X), respectively.
Proposition 4. ([16]) Let ξ and η be two topologies on a set X such that (X, ξ) is regular and (X, η) is Lindelöf Σ . If ξ ⊂ η, then
d(X, η)ω(X, ξ).
Proposition 5. ([8]) Let X be a locally compact topological group. Then X is angelic iff X has countable tightness iff X is metrizable.
Since any non-empty absolutely convex subset A of a linear space E over K is a subgroup of (E,+) we get the following.
Corollary 6. Let E be an lcs over K and let A be an absolutely convex compact subset of E. Then A is angelic iff A has countable
tightness iff A is metrizable.
Now we shall prove our main result.
Theorem 7. Assume that the ﬁeld K is locally compact. Let E be an inﬁnite-dimensional Banach space over K. Then the following
conditions are equivalent.
(1) E is weakly compactly generated;
(2) E is weakly web-compact;
(3) E is weakly separable;
(4) E is separable;
(5) E is isomorphic to c0(N,K);
(6) E is weakly analytic;
(7) E is weakly K-analytic;
(8) E is weakly Lindelöf Σ ;
(9) E is weakly Lindelöf;
(10) There is an increasing family {Eα: α ∈ NN} of weakly compact subsets of E with⋃{Eα: α ∈ NN} = E.
Proof. (1) ⇔ (4) If E is WCG, then some weakly compact subset W of E is linearly dense in E . By [11, Theorem 5.6.1], W is
compact in E , so E is separable. Clearly, E is WCG, if E is separable.
(2) ⇔ (3) If Eσ is web-compact, then Cp(Eσ ,K) is angelic by [9, Corollary 1.3]. The regular space E ′σ is homeomorphic
to a subspace of Cp(Eσ ,K), so E ′σ and βtn B◦ , n ∈ N, are angelic (see [6, Theorem 3.3(2)]). By Corollary 6, the compact sets
βtn B◦ , n ∈ N, are metrizable, hence separable. Thus their sum E ′σ is also separable. Let D be a countable dense subset of E ′σ .
The topology ξ = σ(E, D) is a metrizable topology on E which is weaker than σ(E, E ′). By Proposition 2, the space Eσ is
angelic, so every relatively countably compact subset of Eσ is relatively compact. Thus, by Proposition 3, the web-compact
space Eσ contains a dense subset F which is a Lindelöf Σ-space. Then Fξ = (F , ξ |F ) is a metrizable Lindelöf space, so
ω(Fξ ) = ℵ0. By Proposition 4, we infer that the space Fσ = (F , σ (E, E ′)|F ) is separable; so Eσ is separable. Clearly Eσ is
web-compact if Eσ is separable.
The equivalence (3) ⇔ (4) holds, since every closed subspace of E is weakly closed [11, Corollary 5.2.4].
The implications (4) ⇒ (5) ⇒ (6) ⇒ (7) ⇒ (8) ⇒ (9) are obvious.
(9) ⇒ (4) By Proposition 1, E is isomorphic to c0(I,K) for some set I . The Banach space F = c0(I,K) is polar [11,
Examples 4.4.8(a)] and weakly Lindelöf. Let x ∈ F . Put Ix = {i ∈ I: x(i) = 0}. Clearly, the functional
fx : F → K, y →
∑
i∈Ix
y(i)
is well deﬁned and linear. Using the strong triangle inequality of the valuation | · | of K we get the continuity of fx . Clearly
fx(x) = 0. The family
W = {x+ Wx: x ∈ F }, where Wx =
{
y ∈ F : ∣∣ fx(y)
∣∣< 1
}
,
is an open cover of the Lindelöf space Fσ . Thus the cover W has a countable subcover {x + Wx: x ∈ X}, where X is a
countable subset of F . Clearly, there exists j ∈ I such that x( j) = 0 for every x ∈ X . Hence j ∈⋂x∈X Ix , so | fx(e j − x)| =| fx(e j)| = 1 for all x ∈ X , where e j ∈ F with e j(i) = δ j,i for all i ∈ I . Thus e j /∈ x+Wx for all x ∈ X ; a contradiction. It follows
that the set I is countable, so E is separable.
By Proposition 2 and [3, Corollary 1.1] we get the equivalence (10) ⇔ (7). 
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